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Optimal Equi-difference Conflict-avoiding Codes
Derong Xie Jinquan Luo∗
Abstract−An equi-differece conflict-avoiding code (CACe) C of length n and weight ω is a collection
of ω-subsets (called codewords) which has the form {0, i, 2i, · · · , (ω−1)i} of Zn such that ∆(c1)∩∆(c2) = ∅
holds for any c1, c2 ∈ C, c1 6= c2 where ∆(c) = {j − i (mod n) | i, j ∈ c, i 6= j}. A code C ∈ CACes with
maximum code size for given n and ω is called optimal and is said to be perfect if ∪c∈C∆(c) = Zn\{0}. In
this paper, we show how to combine a C1 ∈ CACe(q1, ω) and a C2 ∈ CACe(q2, ω) into a C ∈ CACe(q1q2, ω)
under certain conditions. One necessary condition for a CACe of length q1q2 and weight ω being optimal is
given. We also consider explicit construction of perfect C ∈ CACe(p, ω) of odd prime p and weight ω ≥ 3.
Finally, for positive integer k and prime p ≡ 1 (mod 4k), we consider explicit construction of quasi-perfect
C ∈ CACe(2p, 4k + 1).
Index Terms−Equi-difference conflict-avoiding code, Optimal code, Perfect code, Quasi-perfect code.
1 Introduction
The protocol sequence is one of the important topics of multiple-access communication system. In
TDMA(Time Division Multiple Access), protocol sequence could be transformed from conflict-avoiding
code and it have been investigated in [5, 8, 9]. A conflict-avoiding code (CAC) of length n and weight ω
is defined as a family C of ω-subsets (called codewords) of Zn = Z/nZ such that ∆(c1) ∩ ∆(c2) = ∅ for
any c1, c2 ∈ C, c1 6= c2 where ∆(c) = {j − i (mod n) | i, j ∈ c, i 6= j}. Moreover, A CAC C is said to be
equi-difference conflict-avoiding code (CACe) if every c ∈ C has the form {0, i, 2i, · · · , (ω−1)i} (see[3]). Let
CAC(n, ω) denote the collection of all the CACs of length n and weight ω. Similarly, the collection of all
(CACe)s of length n and weight ω is denoted by CACe(n, ω). LetMω(n) = max{|C| : C ∈ CAC(n, ω)} and
we call a code C ∈ CAC(n, ω) of size Mω(n) optimal. Similarly, let M eω(n) = max{|C| : C ∈ CAC
e(n, ω)}
and we call a code C ∈ CACe(n, ω) of size M eω(n) optimal. Some constructions for optimal CACs of
weight 3 and different even length can be found in [1, 6, 7, 12] and the constructions for C ∈ CAC(n, 3)
of odd n have been studied in [2, 4, 10, 14, 15]. As for ω > 3, various direct and recursive constructions
of optimal CACs for weight ω = 4, 5 have been obtained in [3]. Recently, Lin et al.[13] investigated sizes
and constructions of optimal codes C ∈ CACe(n, 4).
Let C ∈ CACe(n, ω),
x = {0, x, 2x, · · · , (ω − 1)x}
and
[±ω] = {−ω,−ω + 1, · · · , ω − 1, ω}.
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2If x ∈ C, then
∆(x) = {ax (mod n) | a ∈ [±(ω − 1)]\{0}}.
Let C be a finite set consisting elements as x(x ∈ Zn). The set
C ∈ CACe(n, ω)
is equivalent to saying that for any x, y ∈ C, a, b ∈ [±(ω − 1)] with (a, b) 6= (0, 0),
ax ≡ by (mod n)⇔ a = b, x = y.
In addition, for a code C ∈ CACe(n, ω), we have 2(ω − 1)|C|+ 1 ≤ n, i.e.,
|C| ≤
⌊
n
2(ω − 1)
⌋
.
If |C| = n2(ω−1) , we call C a perfect code. If n 6≡ 1 (mod 2(ω − 1)), then we call a code C of size
⌊
n
2(ω−1)
⌋
quasi-perfect. Obviously, perfect and quasi-perfect codes are optimal.
In this paper we focus on CACes for general ω. In Section 2 we show how to combine a C1 ∈ CACe(q1, ω)
and a C2 ∈ CACe(q2, ω) into a C ∈ CACe(q1q2, ω) under certain conditions. One necessary condition for
a code C ∈ CACe(q1q2, ω) being optimal is given. Moreover, we can obtain many perfect or quasi-perfect
CACes through this method. In Section 3 we consider explicit construction of perfect C ∈ CACe(p, ω) of
odd prime p and weight ω ≥ 3; indeed, we get a necessary and sufficient condition to construct this perfect
C ∈ CACe(p, ω). In Section 4, we construct quasi-perfect C ∈ CACe(2p, 4k + 1) for some primes p.
2 Combining two CACe into a new CACe
The constructions of CACe for some special length n and weight ω have been obtained. Here, we consider
how to combine two CACs under certain conditions and the construction is inspired by Theorem 5 of [11].
Theorem 1 : Let C1 ∈ CACe(q1, ω), C2 ∈ CACe(q2, ω), and gcd(q2, (ω − 1)!) = 1. Let
C1 ⋉ C2 =
{
x1 + q1r | x1 ∈ C1, r ∈ Zq2
}
∪
{
q1x2 | x2 ∈ C2
}
.
Then
1) C1 ⋉ C2 ∈ CACe(q1q2, ω).
2) |C1 ⋉ C2| = q2|C1|+ |C2|.
3) M eω(q1q2) ≥ q2M
e
ω(q1) +M
e
ω(q2).
P roof : 1) For a, b ∈ [±(ω − 1)] with (a, b) 6= (0, 0), if
x, y ∈
{
x1 + q1r | x1 ∈ C1, r ∈ Zq2
}
,
then
x = x1 + q1r1, y = y1 + q1r2
where x1, y1 ∈ C1 and r1, r2 ∈ Zq2 .
Indeed, if
a(x1 + q1r1) ≡ b(y1 + q1r2) (mod q1q2),
3then
ax1 ≡ by1 (mod q1)
which yields that a = b and x1 = y1. Since gcd(q2, (ω − 1)!) = 1, we have r1 = r2 and so x = y.
Similarly, if
x, y ∈
{
q1x2 | x2 ∈ C2
}
,
then
x = q1x2, y = q1y2
where x2, y2 ∈ C2.
Indeed, if
aq1x2 ≡ bq1y2 (mod q1q2),
then
ax2 ≡ by2 (mod q2).
Since x2, y2 ∈ C2, we have a = b and x2 = y2. Hence x = y.
Finally, if
x ∈
{
x1 + q1r | x1 ∈ C1, r ∈ Zq2
}
and y ∈
{
q1x2 | x2 ∈ C2
}
,
then
x = x1 + q1r1, y = q1y2
where x1 ∈ C1, y2 ∈ C2 and r1 ∈ Zq2 .
Indeed, if
a(x1 + q1r1) ≡ bq1y2 (mod q1q2),
then
ax1 ≡ 0 (mod q1).
We have a = 0 since x1 ∈ C1. Hence
0 ≡ by2 (mod q2).
This implies that b = 0 which contradicts to the assumption that (a, b) 6= (0, 0).
Part 2) and Part 3) can be easily derived. 
Lemma 1 : If C ∈ CACe(q1q2, ω), then
1
q2
(
C ∩
{
q2z | z ∈ Zq1
})
∈ CACe(q1, ω).
P roof : For x, y ∈ 1
q2
(
C ∩
{
q2z | z ∈ Zq1
})
∈ CACe(q1, ω), one has
q2x, q2y ∈ C.
Suppose that ax ≡ by (mod q1) for a, b ∈ [±(ω − 1)] with (a, b) 6= (0, 0). Then
aq2x ≡ bq2y (mod q1q2)
4which implies a = b and x = y. 
Remark 1. Similarly, we have 1
q1
(
C ∩
{
q1z | z ∈ Zq2
})
∈ CACe(q2, ω).More generally, for C ∈ CACe(n, ω)
and qi being positive factor of n, let Cei =
qi
n
(
C ∩
{
n
qi
z | z ∈ Zqi
})
. Then Cei ∈ CAC
e(qi, ω).
Theorem 2 : Let C ∈ CACe(q1q2, ω). If |Cei | 6= M
e
ω(qi) and gcd(
q1q2
qi
, (ω − 1)!) = 1 for some i ∈ {1, 2},
then |C| 6=M eω(q1q2).
P roof : Without loss of generality, let |Ce1 | 6= M
e
ω(q1) and C
M
1 ∈ CAC
e(q1, ω) with |C
M
1 | = M
e
k(q1). In
the following we will show C′ = (C\{q2c | c ∈ Ce1}) ∪ {q2c | c ∈ C
M
1 } ∈ CAC
e(q1q2, ω) and |C′| > |C|.
Let x y ∈ C′, a, b ∈ [±(ω − 1)] with (a, b) 6= (0, 0). Obviously, if
x, y ∈ C\{q2c | c ∈ C
e
1} and ax ≡ by (mod q1q2),
then a = b and x = y.
If
x, y ∈ {q2c|c ∈ C
M
1 },
then
x = q2xM and y = q2yM
where xM , yM ∈ CM1 . Indeed, if
ax ≡ by (mod q1q2), i.e.,
aq2xM ≡ bq2yM (mod q1q2),
then
axM ≡ byM (mod q1)
which yields a = b, xM = yM and so x = y.
For
x ∈ C\{q2c | c ∈ C
e
1} and y ∈ {q2c | c ∈ C
M
1 },
we have x = α+ q2r1 with r1 ∈ Zq1 and 1 ≤ α < q2 by Remark 1. If ax ≡ by (mod q1q2), i.e.,
a(α+ q2r1) ≡ bq2yM (mod q1q2)
with
yM ∈ C
M
1 , 1 ≤ α < q2, and r1 ∈ Zq1
which implies
aα ≡ 0 (mod q2).
We have α = 0 since gcd( q1q2
qi
, (ω − 1)!) = 1 which contradicts to the assumption that 1 ≤ α < q2.
Hence, C′ ∈ CACe(q1q2, k) and |C′| = |C| − |C|+M ek(q1) > |C|. 
Corollary 1 : Let gcd(n, (ω − 1)!) = 1 and C ∈ CACe(n, ω) with |C| =M eω(n). Then |C
e
i | = M
e
ω(qi) for
qi being any positive factor of n.
5Corollary 2 : Let n = q1q2 · · · qt and C ∈ CAC
e(n, ω) be perfect. If gcd( n
qi
, (ω− 1)!) = 1 for some i and
there exists perfect CACes in Zqi , then C
e
i is perfect. Conversely, let n = q1q2 · · · qt. If gcd(n, (ω− 1)!) = 1
and Cei ∈ CAC
e(qi, ω)(1 ≤ i ≤ t) is perfect, then ⋉ti=1Ci ∈ CAC
e(n, ω) is perfect.
Corollary 3 : Let n = q1q2 · · · qt, gcd(
n
qi
, (ω − 1)!) = 1, and C ∈ CACe(n, ω) be quasi-perfect. If
there exists perfect or quasi-perfect CACes in Zqi , then C
e
i is perfect or quasi-perfect. Conversely, there
is a quasi-perfect Cej ∈ CAC
e(qj , ω) for some j and each Cei ∈ CAC
e(qi, ω) with i 6= j is perfect, then
(⋉i6=jCei )⋉ C
e
j ∈ CAC
e(q1q2 · · · qt, ω) is quasi-perfect.
Lemma 2 : For any n = (2ω−1)q1 with gcd((ω−1)!, q1) = 1, we haveM eω(n) ≥ q1+M
e
ω(q1). Moreover,
a perfect or quasi-perfect CACe(n, ω) exists if a perfect or quasi-perfect CACe(q1, ω) exists. In particular,
1) if ω − 1 < q1 < 2(ω − 1), then
{
(2ω − 1)r1 + 1 | r1 ∈ Zq1
}
∈ CACe(n, ω) is quasi-perfect and it has q1
codewords;
2) if q1 = 2ω − 1, then
{
1
}
⋉
{
1
}
∈ CACe(n, ω) is perfect and it has 2ω codewords;
3) if 2ω − 1 < q1 < 4(ω − 1), then
{
1
}
⋉
{
1
}
∈ CACe(n, ω) is quasi-perfect and it has q1 + 1 codewords.
Proof : Obviously,
{
1
}
∈ CACe(2ω − 1, ω) is perfect. If there exists a perfect or quasi-perfect code
C1 ∈ CACe(q1, ω), then
{
1
}
⋉ C1 ∈ CACe(n, ω) is perfect or quasi-perfect by Corollary 2 and Corollary
3. Precisely,
1) if ω − 1 < q1 < 2(ω − 1), then ∅ ∈ CACe(q1, ω) is quasi-perfect. Hence
{
1
}
⋉ ∅ = {(2ω − 1)r1 + 1 | r1 ∈ Zq1} ∈ CAC
e(n, ω)
is quasi-perfect and |
{
(2ω − 1)r1 + 1 | r1 ∈ Zq1
}
| = q1.
The proofs of 2) and 3) are similar to that of 1). 
Example 1. Let ω = 3 and q = 65 = 5× 13. Then
C =
{
1, 3, 4, 9, 10, 12, 13, 14, 16, 17, 22, 23, 27, 29, 30
}
∈ CACe(65, 3)
and
Ce2 =
{
2, 6
}
∈ CACe(13, 3).
However,
{
1, 3, 4
}
∈ CACe(13, 3) is perfect. Thus, |C| 6= M e3 (65) by Theorem 2 and
{
1, 3, 4
}
⋉
{
1
}
=
{
1, 3, 4, 13, 14, 16, 17, 27, 29, 30, 40, 42, 43, 53, 55, 56
}
∈ CACe(65, 3)
is perfect.
Example 2. Let ω = 6 and q = 121 = 112. Then (11, 5!) = 1 and
{
1
}
∈ CACe(11, 6) is perfect. Thus,
C =
{
1
}
⋉
{
1
}
=
{
1, 5, 6, 11, 16, 21, 26, 31, 36, 41, 46, 51
}
is a perfect code in CACe(121, 6) by Corollary
2.
63 Perfect CACe of prime length
Let λ = ω − 1. We know that a perfect CACe of length n and weight ω is a code C ∈ CACe(n, ω)
with 2λ|C| + 1 = n. For length n = 2, there is no perfect code C ∈ CACe(2, ω). For odd prime p,{
{0, i} | i = 1, 2, · · · , p−12
}
is a perfect CACe(p, 2). Let g be a primitive root modulo p and
µ = gcd (indg(−1), indg(2), indg(3), · · · , indg(λ))
where indg(a) is the index of a relative to the base g, i.e.,
a ≡ gindg(a) (mod p) and 0 ≤ indg(a) < p− 1.
It is clear that the set
H = {giµ (mod p)|i ≥ 0}
is the multiplicative subgroup of Z∗p generated by the integers −1, 2, 3, · · · , λ. Moreover, if a perfect code
C ∈ CACe(p, ω) exists with ω ≥ 3, then p ≡ 1 (mod 2µλ) by Theorem 1 of [11]. For an odd prime p and
ω ≥ 3, we will consider explicit construction of perfect code C ∈ CACe(p, ω).
Theorem 3 : Let ω ≥ 3 and p be a prime such that p ≡ 1 (mod 2µλ). Let g be a primitive root modulo
p. We have
C =
{
gµλi+j (mod p) | i ∈ [0,
p− 1
2µλ
− 1], j ∈ [0, µ− 1]
}
(1)
is a perfect CACe of length n and weight ω if and only if
{
indg(k)
µ
(mod λ) | k ∈ [1, λ]
}
= [0, λ−1]. (2)
Proof : Suppose
{
indg(k)
µ
(mod λ) | k ∈ [1, λ]
}
6= [0, λ− 1], i.e., there are k1 6= k2 ∈ [1, λ] such that
indg(k1)
µ
(mod λ) =
indg(k2)
µ
(mod λ).
Since k1 6= k2 ∈ [1, λ], there exists integer N 6= 0,
p−1
2 such that
indg(k1) = indg(k2) +Nµλ.
We define S(N) as follows
S(N) =


1, Nµλ (mod p− 1) < p−12 ,
−1, Nµλ (mod p− 1) ≥ p−12 .
Thus
indg(k1) ≡ indg(S(N)k2) +N
′µλ (mod p− 1),
with N ′ ∈ [1, p−12µλ −1] since N 6= 0,
p−1
2 . Hence k1g
0 ≡ S(N)k2gN
′µλ (mod p) with k1, S(N)k2 ∈ [±λ]\{0}
and g0 6= gN ′µλ (mod p) ∈ C which contradicts to the assumption that C ∈ CACe(p, ω) is perfect.
7It’s easy to see that |C| = p−12λ and in the following we will show C ∈ CAC
e(p, ω). Clearly,
agµλi+j 6≡ 0 (mod p) for any a ∈ [1, λ].
For a, b ∈ [±λ] \ {0}, we have a, b ∈ H , i.e.,
a = gµr1 (mod p), b = gµr2 (mod p).
For gi1µλ+j1 , gi2µλ+j2 ∈ C, if
gµr1gi1µλ+j1 ≡ gµr2gi2µλ+j2 (mod p),
then
µr1 + i1µλ+ j1 ≡ µr2 + i2µλ+ j2 (mod p− 1).
Modulo µ we get
j1 ≡ j2 (mod µ)
which implies j1 = j2 since j1, j2 ∈ [0, µ− 1]. Therefore,
i1λ+ r1 ≡ i2λ+ r2
(
mod
p− 1
µ
)
and so
r1 ≡ r2 (mod λ).
Combining with (2), this implies that a = b or a = −b.
If a = b, then r1 = r2 which implies that
i1 ≡ i2
(
mod
p− 1
µλ
)
and so i1 = i2.
Hence, gi1µλ+j1 ≡ gi2µλ+j2 (mod p).
If a = −b, then
i1 6= i2 and i1µλ ≡ i2µλ+
p− 1
2
(mod p− 1).
Modulo p−12 we obtain
i1µλ ≡ i2µλ
(
mod
p− 1
2
)
and so i1 ≡ i2
(
mod p−12µλ
)
, i.e.,
i1 = i2
which is a contradiction. 
Remark 2. For v being any positive factor of u and gcd(µ/v, λ) = 1, we have
{
indg(k)
v
(mod λ) | k ∈ [1, λ]
}
=
[0, λ− 1] when
{
indg(k)
µ
(mod λ) | k ∈ [1, λ]
}
= [0, λ− 1]. Thus, the formula (1) of Theorem 3 can be mod-
ified as
C =
{
gvλi+j (mod p) | i ∈ [0,
p− 1
2vλ
− 1], j ∈ [0, v − 1]
}
by the proof of Theorem 3.
8Example 3. Let ω = 5 and p = 97. Then choose g = 5 being a primitive root,
µ = gcd (indg(−1), indg(2), indg(3), indg(4)) = gcd(48, 34, 70, 68) = 2,
and{
indg(k)
2
(mod λ) | k ∈ [1, λ]
}
=
{
0,
34
2
(mod 4),
70
2
(mod 4),
68
2
(mod 4)
}
= {0, 1, 3, 2} = [0, 3].
Hence
C =
{
gµλi+j (mod p) | i ∈ [0,
p− 1
2µλ
− 1], j ∈ [0, µ− 1]
}
=
{
1, 5, 6, 30, 36, 83, 22, 13, 35, 78, 16, 80
}
is a perfect CACe of length 97 and weight 5.
In Table 1 we give some examples of the first primes that satisfy the conditions of Theorem 3 for
ω ∈ [5, 12].
4 On quasi-perfect code C ∈ CACe(2p, 4k + 1)
Since n ≡ 1 (mod 2(ω − 1)) is a necessary condition for the existence of a perfect code C ∈ CACe(n, ω),
perfect CACe can not exist if gcd(ω − 1, n) > 1. However, quasi-perfect CACe may well exist. In this
section, for gcd(ω − 1, n) = 2, we consider explicit construction of quasi-perfect C ∈ CACe(2p, 4k + 1) of
positive integer k and prime p ≡ 1 (mod 4k).
Lemma 3 : Let p ≡ 1 (mod 4k) be a prime where k is a positive integer and let g1, g2 be two primitive
elements of Zp. If
{indg1(i) (mod 2k)|i = 1, 3, · · · , 4k − 1} = {indg1(i) (mod 2k) | i = 2, 4, · · · , 4k} = [0, 2k − 1],
then
{indg2(i) (mod 2k) | i = 1, 3, · · · , 4k − 1} = {indg2(i) (mod 2k)|i = 2, 4, · · · , 4k} = [0, 2k − 1].
P roof : Firstly, g2 = g
s
1 for some s with (s, p− 1) = 1 and so
indg1(i) ≡ indg2(i)s (mod p− 1).
Modulo 2k we get
indg1(i) ≡ indg2(i)s (mod 2k).
Also, we note that indg2(i) will run through Z2k when indg1(i) does since (s, p− 1) = 1, i.e.,
{indg2(i) (mod 2k) | i = 1, 3, · · · , 4k − 1} = {indg2(i) (mod 2k) | i = 2, 4, · · · , 4k} = [0, 2k − 1].

Theorem 4 : Let p ≡ 1 (mod 4k) be a prime where k is a positive integer and let g1 be a primitive
element of Zp. If
{indg1(i) (mod 2k) | i = 1, 3, · · · , 4k − 1} = {indg1(i) (mod 2k) | i = 2, 4, · · · , 4k} = [0, 2k − 1],
9T
a
b
le
1
:
P
erfect
co
d
e
C
∈
C
A
C
e(p
,ω
)
ω C = {gµλi+j (mod p) | i ∈ [0, p−12µλ − 1], j ∈ [0, µ− 1]}
5
p 97 409 1201 1873 2161 2617 3433 3457 3529 5233 5641 6577
g 5 21 11 10 23 5 5 7 17 10 14 5
µ 2 2 4 2 2 2 2 2 4 4 2 2
6
p 11 421 701 2311 2861 3187 3491 3931 4621 5531 6121 7621
g 2 2 2 3 2 7 2 2 2 10 7 2
µ 1 1 1 1 1 1 1 1 1 1 2 1
7
p 13 769 1249 2521 3049 5881 7477 7933 8293 9769 10837 12049
g 2 11 7 17 11 31 2 2 2 13 2 13
µ 1 2 2 2 2 2 1 1 1 2 1 2
8
p 659 1429 2087 3557 4633 9689 12391 17431 20749 21001 21911 28211
g 2 6 5 2 3 3 26 3 2 11 13 2
µ 1 1 1 1 1 1 1 1 1 2 1 1
9
p 17 3617 6257 15377 21377 22193 42257 48049 61441 77153 78497 81233
g 3 3 3 3 3 3 3 17 17 3 3 3
µ 1 1 1 1 1 1 1 2 2 1 1 1
10
p 19 27127 30241 30781 47017 59473 86599 162109 243829 268003 271729 276373
g 2 3 11 2 7 10 3 2 2 2 11 2
µ 1 1 2 1 1 1 1 1 1 1 1 1
11
p 3181 211741 214021 274861 289141 298861 348421 447901 531901 619261 661741 691381
g 7 2 2 2 2 7 2 2 6 6 2 2
µ 1 1 1 1 1 1 1 1 1 1 1 1
12
p 23 56431 78541 218989 591559 631357 1059257 1133551 1588423 1768229 1797379 2079419
g 5 3 2 14 6 2 3 3 5 2 2 2
µ 1 1 1 1 1 1 1 1 1 1 1 1
10
then for g being an odd primitive element of Zp, the set
C =
{
g2kj (mod 2p) | 0 ≤ j < (p− 1)/4k
}
is a quasi-perfect code in CACe(2p, 4k + 1).
Proof : Suppose
ag2kj1 ≡ bg2kj2 (mod 2p)
for some a, b ∈ [±4k], (a, b) 6= (0, 0) and
0 ≤ j1, j2 < (p− 1)/4k.
If a = 0, i.e., bg2kj ≡ 0 (mod 2p), then b ≡ 0 (mod p) and so b = 0.
Otherwise both a and b are nonzero. Firstly
a ≡ b (mod 2).
Secondly
indg(a) + 2kj1 ≡ indg(b) + 2kj2 (mod p− 1)
which yields
indg(a) ≡ indg(b) (mod 2k).
We note that
indg(−a) ≡ indg(a) + (p− 1)/2 ≡ indg(a) (mod 2k).
Thus by lemma 3 we have a = ±b.
If a = b, then
2kj1 ≡ 2kj2 (mod p− 1).
and so
j1 ≡ j2 (mod (p− 1)/2k), i.e., j1 = j2.
If a = −b, then j1 6= j2 and
2kj1 ≡ 2kj2 + (p− 1)/2 (mod p− 1).
Modulo p−12 we get
2kj1 ≡ 2kj2 (mod (p− 1)/2)
and so
j1 ≡ j2 (mod (p− 1)/4k), i.e., j1 = j2
which is a contradiction.
Thus C =
{
g2kj (mod 2p) | 0 ≤ j < (p− 1)/4k
}
is a quasi-perfect code in CACe(2p, 4k + 1) and
|C| =
⌊
2p−1
8k
⌋
= p−14k . 
Example 3. Let k = 1, p = 29. Choose g = 3. Then
{indg(i) | i ∈ [1, 4]} = {0, 17, 1, 6}
11
and so
{indg(i) (mod 2) | i = 1, 3} = {0, 1} = [0, 1],
{indg(i) (mod 2) | i = 2, 4} = {1, 0} = [0, 1].
Since g2 ≡ 9 (mod 58), we get the following quasi-perfect code in CACe(58, 5):
C =
{
9j (mod 58) | 0 ≤ j < 7
}
=
{
1, 9, 23, 33, 7, 5, 45
}
.
We note that we can replace any elements c ∈ C with 58− c. So, if we prefer to have all elements less than
p−1
2 , this is possible:
{
1, 9, 23, 25, 7, 5, 13
}
is a quasi-perfect code in CACe(58, 5).
Example 4. Let k = 3, p = 86413. Choose g = 44659. Then
{indg(i) | i ∈ [1, 12]} = {0, 81329, 63398, 76246, 76773, 58315, 72689, 71163, 40384, 71690, 73465, 53232}
and so
{indg(i) (mod 6) | i = 1, 3, · · · , 11} = {0, 2, 3, 5, 4, 1}= [0, 5],
{indg(i) (mod 6) | i = 2, 4, · · · , 12} = {5, 4, 1, 3, 2, 0}= [0, 5].
Therefore, since g6 ≡ 93989 (mod 172862),we obtain the following quasi-perfect code in CACe(172862, 13):
{
93989j (mod 172862)|0 ≤ j < 7201
}
.
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